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WAP -BIPROJECTIVITY OF THE ENVELOPING DUAL BANACH ALGEBRAS
S. F. SHARIATI, A. POURABBAS, AND A. SAHAMI
Abstract. In this paper, we introduce a new notion of biprojectivity, called WAP -biprojectivity for
F (A), the enveloping dual Banach algebra associated to a Banach algebra A. We find some relations
between Connes biprojectivity, Connes amenability and this new notion. We show that, for a given dual
Banach algebra A, if F (A) is Connes amenable, then A is Connes amenable.
For an infinite commutative compact group G, we show that the convolution Banach algebra
F (L2(G)) is not WAP -biprojective. Finally, we provide some examples of the enveloping dual Banach
algebras and we study their WAP -biprojectivity and Connes amenability.
1. Introduction and Preliminaries
Biprojectivity is one of the most important notions in Banach homology. In fact a Banach algebra A
is biprojective if there exists a bounded A-bimodule morphism ρ : A → A⊗ˆA such that πA ◦ ρ(a) = a,
for every a ∈ A. It is well-known that the measure algebra M(G) on a locally compact group G is
biprojective if and only if G is finite, for more details see [16].
There exists a class of Banach algebras which is called dual Banach algebras. This category of Banach
algebras were defined by Runde [13]. It is clear that every Banach algebra is not always dual Banach
algebra but recently Choi, et al. showed that there exists a dual Banach algebra associated to an arbitrary
Banach algebra which is called the enveloping dual Banach algebra [1]. Indeed, let A be a Banach algebra
and let E be a Banach A-bimodule. An element x ∈ E is called weakly almost periodic if the module
maps A → E; a 7→ a · x and a 7→ x · a are weakly compact. The set of all weakly almost periodic
elements of E is denoted by WAP (E) which is a norm closed sub-bimodule of E [15, Definition 4.1].
For a Banach algebra A, we write F (A)∗ for the A-bimodule WAP (A
∗) which is the left introverted
subspace of A∗ in the sense of [7, §1]. Runde observed that F (A) =WAP (A∗)∗ is a dual Banach algebra
with the first Arens product inherited from A∗∗. He also showed that F (A) is a canonical dual Banach
algebra associated to A [15, Theorem 4.10]. Choi, et al. in [1] called F (A) the enveloping dual Banach
algebra associated to A. They showed that if A is a Banach algebra and X is a Banach A-bimodule, then
FA(X) = WAP (X
∗)∗ is a normal dual F (A)-bimodule [1, Theorem 4.3]. Also they studied the Connes
amenability of F (A). Indeed they showed that for a given Banach algebra A, the dual Banach algebra
F (A) is Connes amenable if and only if A admits a WAP -virtual diagonal [1, Theorem 6.12].
Motivated by these results, first we introduce the notion ofWAP -biprojectivity for the enveloping dual
Banach algebra associated to a Banach algebraA. Next for a Banach algebraA we investigate the relation
between WAP -biprojectivity of F (A) with biprojectivity of A and also for a a dual Banach algebra A we
study the relation between WAP -biprojectivity of F (A) with Connes biprojectivity of A. We conclude
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that the Connes amenability of F (A) implies the Connes amenability of dual Banach algebra A. We
show that for a locally compact group G, if F (M(G)) is WAP -biprojective, then G is amenable and for
an infinite commutative compact group G we show that F (L2(G)) is not WAP -biprojective. Finally, we
provide some examples of the enveloping dual Banach algebras associated to the certain Banach algebras
and we study their WAP -biprojectivity and Connes amenability.
Let A be a Banach algebra. An A-bimodule E is called dual if there is a closed submodule E∗ of E
∗
such that E = (E∗)
∗. The Banach algebra A is called dual if it is dual as a Banach A-bimodule. A dual
Banach A-bimodule E is normal, if for each x ∈ E the module maps A −→ E; a 7→ a · x and a 7→ x · a
are wk∗-wk∗ continuous. Let A be a Banach algebra and let E be a Banach A-bimodule. A bounded
linear map D : A −→ E is called a bounded derivation if for every a, b ∈ A, D(ab) = a ·D(b) +D(a) · b.
A derivation D : A −→ E is called inner if there exists an element x in E such that D(a) = a · x − x · a
(a ∈ A). A dual Banach algebra A is said to be Connes amenable if for every normal dual Banach
A-bimodule E, every wk∗-continuous derivation D : A −→ E is inner. For a given dual Banach algebra
A and a Banach A-bimodule E, σwc(E) denotes the set of all elements x ∈ E such that the module
maps A → E; a 7→ a · x and a 7→ x · a are wk∗-wk-continuous, one can see that, it is a closed submodule
of E (see [13] and [15] for more details). For a given Banach algebra A, consider the product morphism
πA : A⊗ˆA −→ A given by πA(a⊗b) = ab for every a, b ∈ A. Since σwc(A∗) = A∗, the adjoint of πA maps
A∗ into σwc(A⊗ˆA)
∗. Therefore, π∗∗A drops to an A-bimodule morphism πσwc : (σwc(A⊗ˆA)
∗)∗ −→ A.
Every element M ∈ (σwc(A⊗ˆA)∗)∗ satisfying
a ·M =M · a and aπσwcM = a (a ∈ A),
is called a σwc-virtual diagonal for A. Runde showed that a dual Banach algebra A is Connes amenable
if and only if there is a σwc-virtual diagonal for A [15, Theorem 4.8].
Let ∆WAP : FA(A⊗ˆA) −→ F (A) be the wk
∗-wk∗ continuousA-bimodule map induced by πA : A⊗ˆA −→
A. Note that ∆WAP is also an F (A)-bimodule map (see [1, Corollary 5.2] for more details). Composing
the canonical inclusion map A →֒ A∗∗ with the adjoint of the inclusion map F (A)∗ →֒ A
∗, we obtain a
continuous homomorphism of Banach algebras ηA : A −→ F (A) which has a wk
∗-dense range. We write
a¯ instead of ηA(a) [1, Definition 6.4]. Let A be a Banach algebra. An element M ∈ FA(A⊗ˆA) is called
a WAP -virtual diagonal for A if for every a ∈ A
a ·M =M · a and ∆WAP (M) · a = a¯.
The notion of ϕ-Connes amenability for a dual Banach algebra A, where ϕ is a wk∗-continuous multi-
plicative linear functional (character) on A, was introduced by Mahmoodi and some characterizations
were given in [8]. We say that A is ϕ-Connes amenable if there exists a bounded linear functional m on
σwc(A∗) satisfying m(ϕ) = 1 and m(f ·a) = ϕ(a)m(f) for every a ∈ A and f ∈ σwc(A∗). The concept of
ϕ-Connes amenability was characterized through vanishing of the cohomology group H1
wk∗
(A, E) for cer-
tain normal dual Banach A-bimodule E. By [8, Theorem 2.2], we conclude that every Connes amenable
Banach algebra is ϕ-Connes amenable, where ϕ is a wk∗-continuous character on A.
At the following we give the definition of our new notion:
Definition 1.1. Let A be a Banach algebra. Then F (A) is called WAP -biprojective if there exists a
wk∗-wk∗ continuous A-bimodule morphism ρ : F (A) −→ FA(A⊗ˆA) such that ∆WAP ◦ ρ = idF (A).
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2. WAP -biprojectivity of the enveloping dual Banach algebras
In this section we study general property of the WAP -biprojective Banach algebras and we investigate
the relation of this notion with the other notions of Connes amenability on dual Banach algebras.
Let A be a Banach algebra. An A-bimodule X is called contractive if for every x ∈ X and a ∈ A
‖a · x‖ ≤ ‖a‖‖x‖ and ‖x · a‖ ≤ ‖x‖‖a‖.
Following [1, §3], let A be a Banach algebra and let X be a contractive A-bimodule. Then A ⊕⋉ X is
called the triangular Banach algebra associated to (A, X) equipped with ℓ1-norm and the product
(a, x) · (b, y) : = (ab, a · y + x · b) (a, b ∈ A, x, y ∈ X).
Remark 2.1. For technical reasons, Choi, et al. worked with bimodules and normal dual bimodules that
are contractive [1]. Note that for a given Banach algebra A, if X is a Banach A-bimodule, then by
a standard renorming argument there exists a contractive A-bimodule Y which is isomorphism to X ,
moreover if M is a normal dual A-bimodule, where A is a dual Banach algebra, then there exists a
contractive, normal dual A-bimodule N which is wk∗-isomorphism to M [1, Lemma 2.4]. So without
loss of generality, it is possible to extract the results of [1] in terms of wider classes of bimodule without
contractive condition (see [1, §2.1] for more details).
Lemma 2.2. Let A be a Banach algebra and let X be a Banach A-bimodule. Then for every a ∈ A,
η ∈ F (A) and ψ ∈ FA(X) we have
(i) a · η = a¯η (η · a = ηa¯),
(ii) a · ψ = a¯ • ψ (ψ · a = ψ • a¯),
where  and • are the first Arens product in F (A) and the module action of F (A) on FA(X), respectively.
Proof. (i) For every f ∈ WAP (A∗),
〈f, a¯η〉 = 〈η · f, a¯〉 = 〈a, η · f〉 = 〈f · a, η〉 = 〈f, a · η〉 (a ∈ A, η ∈ F (A)).
Also
〈b, a¯ · f〉 = 〈f · b, a¯〉 = 〈a, f · b〉 = 〈b, a · f〉 (a, b ∈ A),
similarly
〈f, ηa¯〉 = 〈a¯ · f, η〉 = 〈a · f, η〉 = 〈f, η · a〉 (a ∈ A, η ∈ F (A)).
(ii) According to [1, Theorem 4.3],
(0, a¯ • ψ) = (a¯, 0)(0, ψ) in F (A⊕⋉ X).
So for every f ∈ WAP (A∗) and g ∈WAP (X∗) we have
〈(f, g), (a¯, 0)(0, ψ)〉 = 〈(0, ψ) · (f, g), (a, 0)〉
= 〈(a, 0), (0, ψ) · (f, g)〉
= 〈(f, g) · (a, 0), (0, ψ)〉 (a ∈ A, ψ ∈ FA(X)).
Also
〈(b · x), (f, g) · (a, 0)〉 = 〈(ab, a · x+ 0 · b), (f, g)〉 = 〈ab, f〉+ 〈a · x, g〉
= 〈b, f · a〉+ 〈x, g · a〉 = 〈(b.x), (f · a, g · a)〉 (a, b ∈ A, x ∈ X).
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It follows that
〈(f, g), (a¯, 0)(0, ψ)〉 = 〈(f · a, g · a), (0, ψ)〉 = 〈f, a · 0〉+ 〈g, a · ψ〉 = 〈(f, g), (0, a · ψ)〉.
The proof for the right action is similar. 
Remark 2.3. Consider the A-bimodule morphism ρ as in Definition 1.1:
(i) Since ηA : A −→ F (A) has a wk
∗-dense range, for every ψ ∈ F (A) there exist a bounded net
(uα) in A such that ψ = wk
∗-lim
α
u¯α. Also since F (A) and FA(A⊗ˆA) are normal as Banach
F (A)-bimodules and ρ is wk∗-wk∗ continuous, Lemma 2.2 implies that for every φ ∈ F (A) we
have
ψ • ρ(φ) = wk∗- lim
α
u¯α • ρ(φ) = wk
∗- lim
α
(u¯α • ρ(φ)) = wk
∗- lim
α
(uα · ρ(φ))
= wk∗- lim
α
ρ(uα · φ) = wk
∗- lim
α
ρ(u¯αφ) = ρ(wk
∗- lim
α
(u¯αφ))
= ρ(ψφ),
where • denotes the module action of F (A) on FA(A⊗ˆA). So by similarity for the right action,
ρ is an F (A)-bimodule morphism and also A-bimodule morphism.
(ii) Using [9, Corollary 3.1.12], ρ is norm continuous, moreover ρ is wk∗-wk∗ continuous.
Choi et al. [1, Theorem 6.12] for a Banach algebra A showed that F (A) is Connes-amenable if and
only if A has a WAP -virtual diagonal. In the following theorem we extend an analogue result for
WAP -biprojectivity:
Theorem 2.4. Let A be a Banach algebra. Then the followings are equivalent;
(i) F (A) is WAP -biprojective with an identity,
(ii) A has a WAP -virtual diagonal.
Proof. (i)⇒(ii) Suppose that F (A) isWAP -biprojective with an identity e. Then there exists a wk∗-wk∗
continuous A-bimodule morphism ρ : F (A) −→ FA(A⊗ˆA) such that ∆WAP ◦ ρ = idF (A). Let M = ρ(e).
Then M is an element in FA(A⊗ˆA) and by Lemma 2.2 (i) for every a ∈ A, we have
a ·M = a · ρ(e) = ρ(a · e) = ρ(a¯e) = ρ(ea¯) = ρ(e · a) = ρ(e) · a =M · a,
and
∆WAP (M) · a = (∆WAP ◦ ρ(e)) · a = e · a = ea¯ = a¯.
So M is a WAP -virtual diagonal for F (A).
(ii)⇒(i) Suppose that there exists a WAP -virtual diagonal M for A. We define ρ : F (A) −→ FA(A⊗ˆA)
by ρ(η) = η •M , for every η ∈ F (A), where • denotes the module action of F (A) on FA(A⊗ˆA). Since
FA(A⊗ˆA) is a normal dual F (A)-bimodule [1, Theorem 4.3], ρ is wk
∗-wk∗ continuous. Using Lemma
2.2, for every a ∈ A and η ∈ F (A) we have
a · ρ(η) = a · (η •M) = a¯ • (η •M) = (a¯η) •M = (a · η) •M = ρ(a · η),
On the other hand, since M is a WAP -virtual diagonal, by [1, Remark 6.5] we have
ρ(η) · a = (η •M) · a = (M • η) • a¯ =M • (ηa¯) =M • (η · a) = (η · a) •M = ρ(η · a).
WAP -BIPROJECTIVITY OF THE ENVELOPING DUAL BANACH ALGEBRAS 5
So ρ is an A-bimodule morphism. Since ∆WAP is an F (A)-bimodule morphism [1, Corollary 5.2], for
every η ∈ F (A) we have
∆WAP ◦ ρ(η) = ∆WAP (η •M) = η •∆WAP (M) = η.
Therefore F (A) is WAP -biprojective and it is easy to see that ∆WAP (M) is an identity for F (A) [1,
Remark 6.5]. 
Corollary 2.5. Let A be a Banach algebra. F (A) is Connes amenable if and only if F (A) is WAP -
biprojective with an identity.
Proof. Applying [1, Theorem 6.12] and the previous Theorem. 
A dual Banach algebra A is called Connes biprojective if there exists a bounded A-bimodule morphism
ρ : A −→ (σwc(A⊗ˆA)∗)∗ such that πσwc ◦ ρ = idA . Shirinkalam and the second author showed that a
dual Banach algebra A is Connes amenable if and only if A is Connes biprojective and has an identity,
for more details see [18].
Theorem 2.6. Let A be a Banach algebra. Then
(i) If A is biprojective, then F (A) is WAP -biprojective.
(ii) If A is a dual Banach algebra and F (A) is WAP -biprojective, then A is Connes biprojective.
Proof. (i) Suppose that A is biprojective. Then there exists a bounded A-bimodule morphism ψ : A −→
A⊗ˆA such that ψ is a right inverse for πA. By standard properties of weakly compact maps, it is easy to
see that ψ∗(WAP (A⊗ˆA)∗) ⊆ WAP (A∗). Let ρ = (ψ∗|
WAP (A⊗ˆA)∗)
∗. We obtain a wk∗-wk∗-continuous
A-bimodule morphism ρ : F (A) −→ FA(A⊗ˆA). According to the functor F (−) from Banach algebras
into the dual Banach algebras [1, Remark 2.10], we have ρ = F (ψ) and ∆WAP = F (πA). Also both
squares in the following diagram commute:
A A⊗ˆA A
F (A) FA(A⊗ˆA) F (A),
ψ πA
ηA ηA⊗ˆA
F (ψ) F (πA)
ηA
therefore the outer rectangle commutes, that is, F (πA) ◦ F (ψ) ◦ ηA = ηA ◦ πA ◦ ψ. On the other hand
[1, Corollary 5.2] implies that F (πA ◦ ψ) : F (A)→ F (A) is a unique wk
∗-wk∗ continuous map such that
F (πA ◦ ψ) ◦ ηA = ηA ◦ πA ◦ ψ. So we have F (πA) ◦ F (ψ) = F (πA ◦ ψ). Thus
∆WAP ◦ ρ = F (πA) ◦ F (ψ) = F (πA ◦ ψ) = F (idA) = idF (A).
So F (A) is WAP -biprojective.
(ii) Suppose that A is a dual Banach algebra and F (A) isWAP -biprojective. Then there exists a bounded
A-bimodule morphism ρ : F (A) −→ FA(A⊗ˆA) such that
(2.1) ∆WAP ◦ ρ = idF (A).
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Since (σwc(A⊗ˆA)∗)∗ is normal, [15, Proposition 4.2] implies that σwc(A⊗ˆA)∗ ⊆WAP (A⊗ˆA)∗. So there
is a natural quotient map q : FA(A⊗ˆA) −→ (σwc(A⊗ˆA)
∗)∗ which is defined by q(u) = u|
σwc(A⊗ˆA)∗ for
every u ∈ FA(A⊗ˆA). On the other hand, since A is a dual Banach algebra, A∗ ⊆ WAP (A
∗) [15,
Proposition 4.2], there exists a quotient map q′ : F (A) −→ A which is defined by q′(φ) = φ|A∗ for every
φ ∈ F (A). So
(2.2) q′ ◦ ηA = idA.
Also since ∆WAP = (π
∗|WAP (A∗))
∗ and πσwc = (π
∗|A∗)
∗, for every u ∈ FA(A⊗ˆA) and f ∈ A∗ we have
〈f, q′ ◦∆WAP (u)〉 = 〈f, (∆WAP (u))|A∗〉 = 〈f,∆WAP (u)〉
= 〈π∗|WAP (A∗)(f), u〉 = 〈π
∗
A(f), u〉,
and
〈f, πσwc ◦ q(u)〉 = 〈π
∗|A∗(f), q(u)〉 = 〈π
∗|A∗(f), u|σwc(A⊗ˆA)∗〉
= 〈π∗|A∗(f), u〉 = 〈π
∗
A(f), u〉.
So for every u ∈ FA(A⊗ˆA) we have q
′ ◦∆WAP (u) = πσwc ◦ q(u) as an element in A. Then
(2.3) q′ ◦∆WAP = πσwc ◦ q.
Let τ = q ◦ ρ ◦ ηA. We obtain a bounded A-bimodule morphism τ : A −→ (σwc(A⊗ˆA)
∗)∗. Therefore
(2.1), (2.2) and (2.3) imply that
πσwc ◦ τ = πσwc ◦ q ◦ ρ ◦ ηA = q
′ ◦∆WAP ◦ ρ ◦ ηA = q
′ ◦ idF (A) ◦ ηA = idA.
Hence the proof is complete. 
Corollary 2.7. If A is a dual Banach algebra and F (A) is Connes amenable, then A is Connes amenable.
Proof. If F (A) is Connes amenable, then by Corollary 2.5, F (A) is WAP -biprojective and has a unit.
Applying Theorem 2.6 (ii) and [5, Lemma 2.7], A is Connes biprojective and has a unit. So A is Connes
amenable [18, Theorem 2.2]. 
Remark 2.8. Daws [5, Lemma 2.7] showed that F (A) is unital if and only if A is unital, where A is a dual
Banach algebra. We show that if A is a Banach algebra with a bounded approximate identity, then F (A)
has a unit (without duality condition on A). This statement helps us to figure out WAP -biprojectivity
of the enveloping dual Banach algebras associated to certain Banach algebras.
Lemma 2.9. If A is a Banach algebra with a bounded approximate identity, then F (A) has a unit.
Proof. Let (eα) be a bounded approximate identity in A. Regard (e¯α) = (ηA(eα)) as a bounded net in
F (A), where ηA : A −→ F (A). By Banach-Alaoglu Theorem (e¯α) has a wk
∗-limit point in F (A). Define
Φ0 = wk
∗- lim
α
e¯α. We claim that Φ0 is a unit for F (A). For every a ∈ A and λ ∈WAP (A
∗), we have
〈λ, a · Φ0〉 = 〈λ · a,Φ0〉 = lim
α
〈λ · a, e¯α〉 = lim
α
〈eα, λ · a〉
= lim
α
〈aeα, λ〉 = 〈a, λ〉 = 〈λ, a¯〉.
So a · Φ0 = a¯. By similarity for the right action, Φ0 · a = a¯. Since ηA has a wk
∗-dense range, for every
Ψ ∈ F (A) there exists a bounded net (aα) in A such that Ψ = wk
∗- lim
α
a¯α in F (A). Since F (A) is a
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dual Banach algebra [15, Theorem 4.10], the multiplication in F (A) is separately wk∗-continuous [16,
Exercise 4.4.1]. Lemma 2.2 (i) implies that
ΨΦ0 = wk
∗- lim
α
(a¯αΦ0) = wk
∗- lim
α
(aα · Φ0) = wk
∗- lim
α
a¯α = Ψ,
similarly Φ0Ψ = Ψ. 
Corollary 2.10. Let A be a Banach algebra with a bounded approximate identity. Then F (A) is WAP -
biprojective if and only if F (A) is Connes biprojective.
Proof. Since A has a bounded approximate identity, by Lemma 2.9, F (A) has a unit. Applying Corollary
2.5 and [18, Theorem 2.2], F (A) is WAP -biprojective if and only if F (A) is Connes amenable if and only
if F (A) is Connes biprojective. 
Corollary 2.11. If A is a reflexive Banach algebra and F (A) is WAP -biprojective, then F (A) is Connes
biprojective.
Proof. In a reflexive Banach space, by Banach-Alaoglu theorem every bounded sequence has a weakly
convergence subsequence. One can see that WAP (A∗) = A∗. Hence F (A) = A∗∗ = A. Applying
Theorem 2.6 (ii), F (A) = A is Connes biprojective. 
Proposition 2.12. For a locally compact group G, if F (M(G)) is WAP -biprojective, then G is amenable.
Proof. Suppose that F (M(G)) isWAP -biprojective. SinceM(G) has a unit, by Lemma 2.9 and Corollary
2.5, F (M(G)) is Connes amenable. Then by Corollary 2.7, M(G) is Connes amenable. So G is amenable
[14, Theorem 5.4]. 
Zhang showed that the Banach algebra ℓ2(X) with the pointwise multiplication is not biprojective,
where X is an infinite set [19, §2]. We extend this example to the WAP -biprojective case:
Proposition 2.13. Let X be an infinite set. Then F (ℓ2(X)) is not WAP -biprojective.
Proof. Since A = ℓ2(X) is a Hilbert space, by a similar argument as in the Corollary 2.11, we have
F (A) = A. We show that A is not WAP -biprojective. Suppose conversely that ρ : F (A) −→ FA(A⊗ˆA)
is a wk∗-wk∗ continuous A-bimodule morphism such that ∆WAP ◦ ρ = idF (A). For every i ∈ X consider
ρ(ei), where ei is the element of A equal to 1 at i and 0 elsewhere. Since ηA⊗ˆA : A⊗ˆA −→ FA(A⊗ˆA)
has a wk∗-dense range, there exists a bounded net (uα) in A⊗ˆA such that ρ(ei) = wk
∗- lim
α
u¯α. Since
ρ(ei) = ei · ρ(ei) · ei, one can see that ρ(ei) = wk
∗- lim
α
ei · u¯α · ei = wk
∗- lim
α
λαei ⊗ ei for some (λα) ⊆ C.
Since ∆WAP is wk
∗-continuous,
ei = ∆WAP ◦ ρ(ei) = wk
∗- lim
α
λα∆WAP (ei ⊗ ei) = wk
∗- lim
α
λαπ(ei ⊗ ei) = wk
∗- lim
α
λαei.
So λα
|·|
−→ 1 in C. So ρ(ei) = ei ⊗ ei. Consider the identity operator I : A → A, which can be viewed
as an element of (A⊗ˆA)∗ [4, §3]. Define the map Φ : A⊗ˆA −→ A by Φ(a ⊗ b) = aI(b). We claim
that Φ is weakly compact. We know that the unit ball of A⊗ˆA is the closure of the convex hull of
{a ⊗ b : ‖a‖ = ‖b‖ ≤ 1}. Since in a reflexive Banach space every bounded set is relatively weakly
compact, the set {ab : ‖a‖ = ‖b‖ ≤ 1} is relatively weakly compact. So Φ is weakly compact. Applying
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[4, Lemma 3.4], we have I ∈ WAP (A⊗ˆA)∗. If x =
∑
i∈X
βiei is an element in A, then ρ(x) =
∑
i∈X
βiei ⊗ ei.
So
(2.4) 〈I, ρ(x)〉 =
∑
i∈X
βi〈I, ei ⊗ ei〉 =
∑
i∈X
βi〈I(ei), ei〉 =
∑
i∈X
βi.
We have
|〈I, ρ(x)〉| ≤ ‖I‖‖ρ‖‖x‖ <∞.
So by (2.4),
∑
i∈X
βi converges for every x =
∑
i∈X
βiei in A. Then ℓ
2(X) ⊂ ℓ1(X), which is a contradiction
with [6, Proposition 6.11]. 
Remark 2.14. Let H andH ′ be reflexive Banach algebras and suppose that i : H → H ′ is an isomorphism.
In a reflexive Banach space, by Banach-Alaoglu theorem every bounded sequence has a weakly convergence
subsequence. So WAP (H∗) = H∗ and WAP (H ′
∗
) = H ′
∗
. Thus F (i) = (i∗|WAP (H′∗))
∗ = i∗∗, where
F (−) is the functor from Banach algebras into the dual Banach algebras [1, Remark 2.10]. Since H∗∗ = H
and H ′
∗∗
= H ′, F (i) = i. So i is a wk∗-continuous map.
Remark 2.15. Let G be a locally compact group. Rickert showed that L2(G) is a Banach algebra with
convolution if and only if G is compact [11].
Theorem 2.16. Let G be an infinite commutative compact group. Then the Banach algebra F (L2(G))
is not WAP -biprojective.
Proof. By Plancherel’s Theorem [12, Theorem 1.6.1], L2(G) is isometrically isomorphic to ℓ2(Γ), where Γ
is the dual group of G and ℓ2(Γ) is a Banach algebra with pointwise multiplication. Since L2(G) and ℓ2(Γ)
are Hilbert spaces, by Remark 2.14, this isomorphism should be a wk∗-continuous map. By Proposition
2.13, ℓ2(Γ) is not WAP -biprojective. So F (L2(G)) = L2(G) is not WAP -biprojective. 
3. Examples
The semigroup S is weakly left (respectively, right) cancellative if s−1F = {x ∈ S : sx ∈ F} (respec-
tively, Fs−1 = {x ∈ S : xs ∈ F}) is finite for every s ∈ S and every finite subset F of S, and S is weakly
cancellative if it is both weakly left cancellative and weakly right cancellative [3, Definition 3.14].
Example 3.1. Let S be the set of natural numbers N with the binary operation (m,n) 7−→ max{m,n},
where m and n are in N. Then S is a weakly cancellative semigroup [3, Example 3.36]. So ℓ1(S) is a
dual Banach algebra with the predual c0(S) [3, Theorem 4.6]. Clearly S is unital but it is not a group,
so ℓ1(S) is not Connes amenable [4, Theorem 5.13]. Moreover F (ℓ1(S)) is not Connes amenable [5, §7.1].
Since ℓ1(S) has a unit, by [5, Lemma 2.7], F (ℓ1(S)) has a unit. Applying Corollary 2.5, F (ℓ1(S)) is not
WAP -biprojective.
Note that if we consider this semigroup with the binary operation (m,n) 7−→ min{m,n}, where m
and n are in N. Since S is not a weakly cancellative semigroup, ℓ1(S) is not a dual Banach algebra [3,
Theorem 4.6]. Moreover F (ℓ1(S)) is not Connes amenable [5, Theorem 7.6]. Also ℓ1(S) has a bounded
approximate identity (δn)n≥1, where δn is the characteristic function of {n}. By Lemma 2.9 and Corollary
2.5, F (ℓ1(S)) is not WAP -biprojective.
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Example 3.2. Let A be a Banach space. Suppose that Λ is a non-zero linear functional on A with
‖Λ‖ ≤ 1. Define a · b = Λ(a)b for every a, b ∈ A. One can easily show that (A, ·) is a Banach algebra and
∆(A) = {Λ}. We show that the following statements hold:
(i) Consider x0 ∈ A such that Λ(x0) = 1, define a map ψ : A −→ A⊗ˆA by ψ(a) = x0 ⊗ a, where
a ∈ A. One can see that ψ is a bounded A-bimodule morphism and πA ◦ ψ = idA. So A is
biprojective and Theorem 2.6 (i) implies that F (A) is WAP -biprojective.
(ii) We show that F (A) = A∗∗, to see this for every ψ ∈ A∗ and a ∈ A, the map A → A∗, a 7→ ψ · a
is weakly compact. For every b ∈ A we have
〈b, ψ · a〉 = 〈a · b, ψ〉 = 〈b,Λ(a)ψ〉.
Let {an} be a bounded sequence in A. Since Λ is a bounded linear functional on A, {Λ(an)}
is a bounded sequence in C. So there exists a convergence subsequence {Λ(ank)} in C. Thus
{Λ(ank)}ψ converges in A
∗. So ψ · ank converges weakly in A
∗. Applying [1, Lemma 5.9],
WAP (A∗) = A∗. Therefore F (A) = A∗∗. Also A is an Arens regular Banach algebra [10,
Theorem 1.4.11].
(iii) We claim that F (A) is Connes amenable if and only if dim(A) = 1. If F (A) = A∗∗ is Connes
amenable, then it has a unit. So A has a bounded approximate identity (eα) [2, Proposition
2.9.16 (iv)]. We have
x0 = lim
α
x0eα = lim
α
Λ(x0)eα = lim
α
eα.
Thus A has a unit and since for every b ∈ A, b = bx0 = Λ(b)x0, dim(A) = 1.
Conversely if dim(A) = 1, then A ∼= C as Banach algebra. So F (A) ∼= C is Connes amenable.
Example 3.3. Set A =
(
0 C
0 C
)
. With the usual matrix multiplication and ℓ1-norm, A is a Banach
algebra. Since C is a dual Banach algebra, A is a dual Banach algebra. Moreover A is a Hilbert space.
By a similar argument as in Corollary 2.11 we have F (A) = A∗∗ = A. Since A has a right identity but
it does not have an identity, F (A) = A is not Connes-amenable. We define a map τ : A −→ A⊗ˆA by(
0 x
0 y
)
7−→
(
0 x
0 y
)
⊗
(
0 1
0 1
)
. It is easy to see that τ is a bounded A-bimodule morphism and
also it is a right inverse for πA. So A is biprojective. By Theorem 2.6 (ii), F (A) is WAP -biprojective
and also Corollary 2.11 implies that it is Connes biprojective.
Example 3.4. Consider the Banach algebra ℓ1 of all sequences a = (a(n)) of complex numbers with
‖a‖ :=
∞∑
n=1
|a(n)| <∞,
and the following product
(a ∗ b)(n) =
{
a(1)b(1) if n = 1
a(1)b(n) + b(1)a(n) + a(n)b(n) if n > 1
for every a, b ∈ ℓ1. By similar argument as in [17, Example 4.1], (ℓ1, ∗) is a dual Banach algebra with
respect to c0. We claim that (ℓ
1, ∗) is not Connes amenable. Suppose conversely that (ℓ1, ∗) is Connes
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amenable. Define ϕ1 : ℓ
1 −→ C by ϕ1(a) = a(1) for every a ∈ ℓ
1. It is easy to see that ϕ1 is a wk
∗-
continuous character on (ℓ1, ∗). Using [8, Theorem 2.2], (ℓ1, ∗) is ϕ1-Connes amenable. Similar argument
as in [17, Example 4.1] leads us to a contradiction. So (ℓ1, ∗) is not Connes amenable and Corollary 2.7
implies that F (ℓ1) is not Connes amenable. it is easy to see that (ℓ1, ∗) has a unit δ1, where δ1 equal to
1 at n = 1 and 0 elsewhere. So by Lemma 2.9, F (ℓ1) has a unit. Thus by Corollary 2.5, F (ℓ1) is not
WAP -biprojective.
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